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Abstract. We introduce a concrete domain model for the quantum
lambda calculus A, extended with a fixpoint operator. A distinctive fea-
ture of Aj is that it relies on density matrices for describing both quan-
tum information and probabilistic distributions over computation states.
It has been shown that there is a conservative translation from A} to the
quantum lambda calculus of Selinger and Valiron. In contrast to existing
models for quantum lambda calculi featuring recursion with intuitionis-
tic arrows, our model is finite-dimensional and does not need more than
cones of positive matrices and affine arrows.

Keywords: Quantum lambda calculus - Denotational semantics - Fix-
point operator - Linear affine type system.

1 Introduction

Quantum computation is a model of computation where data is encoded on the
state of particles governed by the laws of quantum physics. In the mathematical
formalism, a piece of quantum data can be regarded as a complex linear combi-
nation of pieces of classical data: quantum states are represented with Hilbert
spaces. To recover classical data from quantum information, the physical oper-
ation is called measurement: it is a probabilistic operation, modifying the global
state of the system. The bottom line is that a quantum algorithm in general
produces a probabilistic distribution of pure quantum states. The standard de-
notational semantics for quantum data consists in density matrices, i.e. positive
matrices of trace 1. In this compact representation, eigenvectors correspond to
classical outcomes while eigenvalues encompass the probability of getting each
of them. In the historical interpretation 6], a quantum algorithm inputs a quan-
tum state, operates on it and outputs the resulting modified state: this simple
situation can be regarded as a superoperator, a trace-preserving linear map act-
ing on positive matrices. The semantics of quantum algorithms in this approach
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is finite-dimensional: a quantum algorithm manipulates a finite amount of infor-
mation.

The last twenty years have seen the development of quantum programming
languages and semantics thereof. In particular, the design of functional pro-
gramming languages for quantum computation has roots in the seminal work
of Selinger [10], introducing quantum flow charts (QFCs). QFCs are (possibly
recursive) first-order programs: the trace of the output might be smaller than 1,
allowing the program to possibly diverge. The denotational semantics of QFCs
therefore extends superoperators to non-increasing linear maps acting on cones
of positive matrices. This approach has been subsequently extended in [11] to
accommodate for higher-order programs: The quantum lambda calculus consists
in a simply-typed, linear lambda calculus without recursion. Its denotational
semantics is still finite-dimensional. It consists in an extension of the semantics
of QFC where the requirement for trace-preservation for morphisms is relaxed.
Objects are still cones of positive matrices, but morphisms are the so-called
completely positive maps (CPM). Thanks to the compact-closure of the corre-
sponding category [10,/12], this makes it possible to capture internal homs in this
semantics.

If the CPM category can encode linear quantum higher-order computation,
it is however limited in several ways. First, its finite dimensional aspect makes it
impossible to account for duplicable data (as it would require the possibility to
have non-linear functions) or inductive types. Then, although CPM-homsets can
be endowed with a partial order consistent with the trace (the Léwner order), the
lack of constant (non-zero) functions places the least fixed point of any function
at 0, essentially saying that the fixpoint construction sending A — A to A is
always diverging (as its probability is then 0).

The main problem that has been tackled in the literature [3,/4,[7,)8] consists in
developing a semantics extending CPM to support infinite dimensional objects:
the focus has been placed on duplicability 7] and inductive types [§]. In both
cases, the extensions encompasses affine functions, allowing one to rely on the
least fixed point construction to model recursion.

Contributions. In this work, we instead concentrate on the problem of de-
signing a finite dimensional extension of the CPM denotational semantics sup-
porting fixpoints. In particular, we do not need to account for duplicable objects
nor inductive datatypes. To support our approach, we follow an operational
approach by building up on a concrete quantum lambda-calculus featuring re-
cursion while admitting a finite-dimensional model. Concretely, we extend the
quantum lambda calculus Aj [5] with a fixpoint operator while forbidding du-
plicable elements. We remark that A has been shown equivalent [1] to the one
proposed by Selinger & Valiron [11], but relies on a presentation in terms of den-
sity matrices, which we felt makes it easier to study syntactically, since it is
closer to its semantics. The denotational semantics of our language follows the
approach of Selinger [10]; consequently, we interpret basic types as positive ma-
trices with trace less than or equal to 1. Following the usual intuition, a matrix
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whose trace is 1 represents a terminating program, while a matrix whose trace
is smaller than 1 represents a program that might not terminate.

We build upon the standard Choi representation [2] of a completely positive
linear map f as the positive matrix, and extend it to the affine case. We show
that this finite model is sound and adequate, and suffices to interpret the fix-
point operator as the least upper bound of a chain of approximations, i.e., as
nli_)n;o X7(0) where Y is the extended Choi representation of the affine function

f, and 0 denotes the null matrix.

Our model is only focused on affine behavior, which makes it possible to
stay within a finite-dimensional setting, unlike e.g. |7]. We therefore claim to
have found a sweet spot for the denotation of quantum programs with fixpoints,
when duplication is not required.

Plan of the paper. In Section 2] we introduce the calculus A, give some
examples, and state its syntactical correctness. In Section [3.1| we give a version
of A with an incremental fixpoint operator parameterised by a bound on the
number of iterations. The semantics interpretation of A and of this intermediate
language are given in Sections [3.2] to [3.4] The soundness for the intermediate
language is proved in Section which allows us to study the existence of the
limit when the bound tends to infinity, which is proven in Section[4.2] In Section|[j]
we prove the following adequacy result: the probability of termination for a term
of the basic type is equal to the trace of its interpretation (Theorem . We
finally conclude in Section [} Omitted technical material and proofs are provided
in the appendices for the reviewers’ convenience.

2 The calculus )\’[f

In this section, we introduce the calculus A5, which extends A [5] with a fixpoint
operator.

Since the quantum measurement is a probabilistic operation, we first define
probability (sub)distributions as follows.

Definition 2.1. A (discrete) probability subdistribution over a set {2 is a func-
tion p : 2 — [0,1] such that ) ., p(w) < 1 and for any A C 2, p(A) =
> wea P(w); moreover, p is said to be a distribution if ) o p(w) = 1.

We write {(pi’wi)}ie{l,...,n} (also {(p1,w1),"* , (Pn,wn)}) for the probabil-
ity subdistribution p over 2 = {wi,...,w,} defined such that p(w;) = p; for
all i = 1,...,n. With a slight abuse of notation, we write {(p,w), (¢,w)} in
lieu of {(p+ q,w)}, with the latter being the canonical form. Also, we shall
write {(pi,{(q]wtij)}j)}, for {(piq]'7t7;j)}ij. Unless otherwise noted, distribu-
tions are considered in canonical form. Given two subdistributions {(pi,wi) }ier
and {(p;,w;)} ;¢ - we write {(p;,wi) };e; U{(pj,w;)} ;¢ ; for the (sub)distribution
{(pr, W) bpepuy (if defined).
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tu= x| Azt |tt|pxt (Standard lambda terms)
[p" |U™t | 7™t |t @t (Quantum postulates)
| letcase® x = tin {t,...,t} (Control)
| {(pi’ti)}ie{l,m,n} (Distributions)

where n,m € N and p € D, = {p | p e C¥"*2" positive with tr(p) = 1}

Fig. 1: Syntax for the A} calculus

2.1 Syntax and Operational Semantics

The syntax of the A calculus is given in Figure [If where C denotes the set of
complex numbers and C"*™ the set of (n x m)-dimensional complex matrices.
Terms are divided in four categories:

— Standard terms of the lambda calculus with fixpoint, namely, a variable x, an
abstraction Ax.t, an application ¢r, and the fixpoint pz.t of the abstraction
Az.t.

— Quantum postulates, which include a quantum state p™, where p is an n-
dimensional semidefinite positive Hermitian matrix (from now on referred
to as positive matrix) with trace equal to 1 (we shall also write o and 7
for quantum states); the application U™t of the unitary operator U to the
first n qubits of ¢; the measurement 7™t of the first m qubits of ¢ in the
computational basis; and the tensor product of states t ® r.

— The control operator construction, letcase® z = r in {tg,...,t,}, that ex-
presses the combination of the programs tg, . ..t, according to a probability
distribution given by the result of the measurement described by r.

— Probability distributions of terms.

Our syntax allows for terms such as {(pi,ti)}icq1, oy {(qj,rj)}je{lw’m}, in
which the distribution {(p;,ti)};c(1 ) is applied to {(qj,rj)}je{17___7m}. How-
ever, such term describes a probability distribution over the set

which can be equivalently written as {(piq;j,ti7;)}icq1,...,n} - Formally, we con-

J€{l,....,m}
sider the first term

for the second. We extend this convention all over constructors as follows.

Az A(pisti) bier = {(pis Awti) bigs pa{(pisti) bier = (i, pavts) }ie g
t{(pisri)bier = A{is tri) bigs {(pisti)bierm = {(pi ti T)}ZGI
U™ {(pisti) bier o= {(0i, UMti) e T {(Pis ti) }ier = {i, 7" i) bies
{(pisti) }icr @7 = {(pi,ti ®7) }ieq r @ {(piti) e = {(pir @ ti) }ies

letcase® = = {(pi, ti) };cp in {71, ..., rn fi={(pi, letcase® @ = t;in {ry, ..., 7)) }ic;
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The above notation states that the distribution operator commutes with all
operators. Additionally, any term ¢ can be regarded as a distribution that assigns
probability 1 to .

We let Val be the set of values, which is defined as follows.

Val = p" [ 7" p" [ {(pi, Av-ti) icqr,

The operational semantics of the calculus is given by the rules in Figure 2]
Rules for standard lambda terms correspond to those of the weak call-by-name
lambda calculus (i.e., there are no reductions under lambda).

The first rule concerning quantum postulates accounts for the fact that any
mixed state given as a probability distribution {(p;, pj') };.,; over density matrices
{pi}ier can be represented as a unique density matrix, which is obtained as the
linear combination of the matrices {p;}icr, i-e., D ,c; Pipi- The reduction rule
for U™ p™ corresponds to the application of the unitary operator U over the first
m qubits of the density matrix p, which has dimension n > m. Since m and
n may be different, the term U™p™ stands for the application of the unitary
operator U = U ® I, _,, with I,,_,, being the n —m dimensional identity matrix.

As usual, UT denotes the conjugate transpose of U. The rule corresponding to
the tensor operator states that the combination of two density matrices reduces
to the tensor product of the matrices.

The evaluation of a term letcase® x = 7™ p™ in {tg,...,tam_1} gives rise to
the probabilistic distribution of the branches tg, ..., tam _1, where the probability
assigned to each branch corresponds to the probability p; of each of the possible
outcomes p; of the measurement 7" p™. The bound variable x, which may appear
on every t;, is substituted with the corresponding measurement result p;. The
expression |i)i| in the side condition of this rule represents the projectors |i)(i| ®
I . It is worth remarking that the operator 7™ only measures the first m
qubits of a density matrix. Should other set of qubits be measured, then the
state can be previously transformed with the application of a suitable unitary
operator that swaps the qubits as required.

The typing system for the Af calculus is defined in Figure [3] The set A of
types includes (i) n, which is the type of the density matrices of n-qubit states;
(ii) (m,n) (with m < n) which stands for measurements over the first m qubits
of n-qubit states; and (iii) the arrow type A —o B of the affine functions from A
to B.

Lambda terms are typed as in the affine lambda calculus, while typing rules
for quantum postulates are straightforward. The typing rules for control and
distribution terms use the auxiliary function on types ¢(A), dubbed last type of
A, which is inductively defined by:

ln)=mn L((m,n)) = (m,n) (A — B) ={(B)

Its usage is analogous in both rules (i.e., + and m.), where the premise ¢(A) #
(m,n) prevents the probabilistic combination of measurements. Note that 7™ is
the constructor for measurements while letcase® is its destructor. Indeed, terms
of the form 7™t are only used inside their destructors letcase®.
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(Standard lambda terms)

Az.t)r — tlz :=7] px.t — tlx = px.t]
(Quantum postulates)

n n m n 77 77T \n n m nxm
{0, ) }ier — (2 pipi) ump" — (UpU") preo™ — (p®o)"”

i€l
(Control)
letcase® z = 7" p" in {to, ..., tam 1} — {(pi, tilx == pi'D}i/p, 20
T T i)ilple i/T
where pi = tr (|1><Z|P‘Z><Z| ) pi= ”H%
(Contextual rules)
t—s t—r t—r t—r
ts — rs Umrt — U™r "t — 7" tR®s —rQ®s

t ros jeJ, tj —>rj el t; »

St —sQr {(pi,ti)}ieIuJ — {(pizti)}igl U {(pjvr]')}jeJ

t—r
letcase® x =t in {80, .. .,ngfl} — letcase® z =7 in {So, ey 82m71}

Fig. 2: Rewrite system for the Al calculus

Despite rule m, allows x to be used in the different branches tg,...,tom_1,
we remark that such duplication of variables does not violate the quantum no-
cloning theorem because each branch corresponds to the continuation associated
with a particular result of the measurement.

We now illustrate the main features of the calculus by encoding a few repre-
sentative examples from the literature.

Ezample 2.2 (Teleportation protocol). The teleportation protocol (see [6, Section
1.3.7]) can be implemented in AL as follows. We start by defining the term p?
representing the first Bell state describing maximum entanglement between two
qubits:

1
p = 5 (|00X00] +|00)11[ + [11)00] + [11)X11])
Then, the teleportation protocol can be expressed as
telep := \z.letcase® y = w*(H' CNOT® (z ® p?)) in {y, Z3y, X3y, Z3 X3y}

where capitalised terms are (the density matrices corresponding to the gates)
below.

— H is the Hadamard gate;
— CNOT is the Controlled-Not gate;
— Z is the Phase gate;
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Auz=n|(mn)|A—oA wherem <néeN

(Standard lambda terms)

—  ax Irx:A+t: B
INx:AFx: A Troat A=B
I'tt:A—oB Abr:A If:AFt: A
I''Atrtr:B ¢ I'kuft:A

(Quantum postulates)

ax, I'tt:n m<n
I'-U"t:n

I'Ht:n m; I'Ft:n AbFr:m

I'txa™t: (m,n) NAFtr:n+m

I'kpt:n u;

(Control)
i=0,..2m—-1 Ay z:nkt;: A I'br:(myn) £(A)#(m', n) o

Ao, .. .,Azm_l,r F letcase® z =7 in {to, .. .,tzm_l} : A

e

(Distributions)
i=1,on I'Hti: A S0 pi=1 L(A)# (m,n') N

I+ {(p%ti)}ie{l,.“,n} tA

Fig. 3: Typing system for the A7 calculus

— X is the Not gate;
— Z3=1,® Z; and
- X35=L®X.

The argument x of the lambda abstraction in the definition of telep corre-
sponds to the the unknown state 7 to be teleported. The CNOT operator is
applied to the first two qubits of the state 7 ® p. We recall that a unitary op-
erator U of size m can be applied to a density matrix p of size n > m. A size
mismatch is accommodated by the operational semantics, since the term U™ p™

reduces to the density matrix (UpUT)" with U = U ® I,_,,. Therefore, the
term CNOT? (1 @ p?) is a well-typed term even though CNOT® has size 2 and
(71 ® p?) has size 3. The Hadamard operator H is then applied to the first qubit;
this is needed because the successive measurement is in the computational basis
instead of the Bell basis. According to the letcase constructor, the evaluation
proceeds differently depending on the possible outcomes of the measurement,
which in this case are the possible combinations of two bits, i.e., {00,01,10,11}.
Note that each of the branches in {y, Z3y, X3y, Z3 X3y} is associated with one of
the possible measurement outcomes. Correspondingly, the variable y is bound to
different values in each of the branches, i.e., y represents the state after measure-
ment. For instance, it takes value (|00)(00|®7)? when evaluating the first branch,
(01)01| ® Z=17)3 when evaluating the second branch, etc. Hence, each branch
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will apply a different transformation to the third qubit of the corresponding
resulting state: the identity, Z, X, or ZX.

Finally, note that the evaluation of the letcase construction produces a prob-
ability distribution over the values corresponding to each of the branches; where
probabilities are those arising from measurement. By (omitted) mechanical cal-
culation, it can be checked that measuring the state (H' CNOT? (x® p?)) in the
computational basis produces a uniform distribution on {00, 01,10, 11}. Hence,
telep 7! reduces as follows

telep 7 —* {(1, (lid}if| © 1))}, e oy — (L@ 7)°

where the third qubit of the state coincides with the qubit 7 that was expected
to be teleported.

Ezample 2.3 (Deutsch’s algorithm). Deutsch’s algorithm (see 6, Section 1.4.3])
can be used to determine whether a given function f : {0,1} — {0, 1} is constant
(f(0) = f(1)) or not. Let Uy be the unitary application |z,y) — |z,y + f(x)),
where + is addition modulo 2. Deutsch’s algorithm can be implemented by the
following term

deutsch := letcase® z = 7! (HlU]%(H ® H)2|01><01|2) in {|0)0[", |1)(1]"}

The algorithm starts by picking a two qubit system with state |01)01|, and
successively applies the Hadamard operator independently to each of the qubits,
i.e., it applies the quantum operator H ® H. Then, the unitary operator Uy is
applied to the system, and the Hadamard gate H is applied to the first qubit.
Finally, the first qubit of the resulting state is measured. It can be checked by
mechanical calculation that the result is 0 if and only if f(0) = f(1) (regardless
of the definition of f). Consequently, depending on f, the measurement will
produce either 0 with probability 1 (when f(0) = f(1)) or 1 with probability 1
(when f(0) # f(1)). Therefore, we have

j0)0]" iff £(0) = (1)
111" iff £(0) # (1)

Ezample 2.4. We illustrate the definition of a recursive (non-terminating) term
that converges to the state |0)0|, which is defined as follows

deutschy —* {

F:= px.letcase® z = o' |[+)(+|" in {z,]0)0]"}

The term F defined above corresponds to the fixpoint of the lambda abstrac-
tion f := Az.letcase® z = 7|+ )+|" in {z,|0)0|'}, which receives a one-qubit
state x and behaves differently depending on the result of the measurement (in
the computational basis) of the state |+)-+|. The measurement behaves analo-
gous to a coin toss: it produces 0 or 1 with probability % each. If the measured
value is 0, then the function returns the argument x; otherwise, it returns the
state |0)0|. Hence, the application of the abstraction f on a term ¢ produces
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the probability distribution {(%, t), (3, |O>(O\1)} The only fixpoint of f is clearly

|0)0[".
Note that the term F reduces as follows:

F = pa.letcase® z = ' |+ )X+|" in {z,]0)0]"}
letcase® = = ! |+)(+|" in {F,]0)(0|'}
{354 oo}

{3 tetcase” = = [+ )+ in {F, 10Y0['}), (3, 00" }
{( %, <0|1>}
{

Yo'}

lllll

which converges to {(1, |O><0|1)}

The evaluation of the term F introduced in Example does not terminate,

e., it proceeds indefinitely. However, the evaluation of F admits another inter-
pretation: if we were to choose (with probability %) just one path to follow at
each coin flip, then the global probability of no termination would be 0. Indeed,
A, internalises all the paths in which computation may evolve as a probability
distribution, as a sort of “generalised mixed state”. The original presentation of
A, [5] is accompanied by an alternative presentation, dubbed A,, in which reduc-
tion rules are probabilistic (in the sense discussed above). Moreover, it has been
also shown that the semantics of both calculi are coincident. For technical con-
venience, we opted for the presentation style of A7, in which probabilistic paths
are internalised; and understand that the evaluation of the term F terminates
with probability 1. As a matter of fact, the denotational semantics in Section [3]
establishes |0)0| as the denotation of F, which is obtained as the limit of the

distribution {(QL, F), (2;—_1, |0><O|1)} when the number n of iterations goes to

infinity.

2.2 Correctness

In this section we report on expected properties of the calculus; namely, progress,
subject reduction and strong normalisation of typed terms not containing p. It
has been already shown that A} (i.e., the fragment of A/ without fixpoints) enjoys
progress for typed closed terms (i.e., any typed closed term is either a value or it
reduces), subject reduction, and strong normalisation [5,/9]. The last two results
are directly adapted to AL, while the first one follows by induction.

Theorem 2.5 (Progress). IfF ¢ : A, then either t is a value or there exists a
term r such thatt — r.
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Proof. By a straightforward induction on t. O
Theorem 2.6 (Subject reduction). If I'+t: A, andt — r, then I' - r : A.
Proof. Straightforward extension of the proof for A7 [5, Theorem 4.4]. O

Theorem 2.7 (Strong normalisation). If I' -t : A and t does not contain
any w, then t is strongly normalising.

Proof. Straightforward adaptation of the proof for A7 2 [9, Theorem 4.3.8], which
is a polymorphic extension of AJ. O

3 Denotational semantics on positive matrices

In this section we develop a denotational semantics of A/, in which terms are
interpreted as density matrices, along the lines of [10,12]. From a semantic view-
point, matrices with trace strictly smaller than 1 represent programs with a pos-
itive probability of non-termination [10]. As customary, we rely on the Léwner
order C over density matrices of dimension n defined such that M T N if and
only if M — N is a positive matrix. As shown in |10]|, density matrices of dimen-
sion n equipped with the Lowner order conforms a CPO that has the null matrix
0 as its least element. For functions, we adopt the CPM approach of [12].

However, our interpretation of functions allows us to accommodate affine
maps, i.e., maps f such that f(0) # 0; this is achieved by representing each
affine mapping as the composition of a linear transformation and a constant
translation. This change is essential for the interpretation of terms ux.t as the
least fixed point of the denotation of Ax.t: if every abstraction were interpreted
as a linear map, then its least fixed point would be also 0 (i.e., the bottom of
the domain).

Technically, our definition of the denotational semantics of A is obtained
indirectly from an intermediate calculus in which fixpoints are incremental, i.e.,
the fixpoint operator is parameterised by a natural number that bounds the
possible iterations. The interpretation of fixpoints in Af is obtained as the limit
of the interpretation of the incremental fixpoint.

The remaining of this section is structured as follows. We start by extending
Al with incremental fixpoints in Section In Section we define domains
and the interpretation of types. In Section [3.3] we give a canonical representation
for affine maps as an extension of the classical Choi representation of CPMs. The
interpretation of terms is presented in Section [3.4]

3.1 Incremental fixpoint

In order to account for incremental fixpoints, we modify the syntax of AL to

define a calculus called )\[p“ I as follows:

tu= x| vt |tt| ppxt| L (Standard lambda terms)
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[p" | U™ | 7"t [t®t (Quantum postulates)
| letcase® x =t in {t,...,t} (Control)
| {(pivti)}ie{l,...,n} (Distributions)

where fixpoint terms are labelled by a natural number n, and 1 stands for the
undefined value. The set of typing rules in Figure 3]is extended with the following
axiom
r'-1:A4
while the typing rule should now consider decorated fixpoints.
The rewrite system for the /\[p“ I caleulus is given by the relation ~~. In addition
to the rules in Figure 2] we consider following ones:

ozt~ L U1t~ tz = pp.t]

The evaluation of a fixpoint expression reduces the decoration n + 1 at each
iteration until it reaches 0, when it reduces to the undefined term L. In addition,
we need the following instrumental rules to propagate L.

1t~ L Url ~ 1 Lo~ L
1l@t~ L t@ 1L~ L letcase® x = Lin {t1,...,tp} ~ L

Note that the incremental version of the term F in Example ie., F, =
pinz.letcase® z = ! [+)+|" in {z,|0X0|'} rewrites to {(%,J—), (3522, |O><0|1)}

after n iterations, and converges to {(1, |0><0|1)} when n approaches infinity.

3.2 Interpretation of Types

In order to account for non-termination, we will consider domains involving
positive matrices with trace equal or lesser than 1. Let

DS = {p |pe C2"*2" positive with tr(p) < 1}

and note that D, C D=. Then, types are interpreted as follows:
(n) = D3

((m,n)) = {M | MG@D% and tr (M) < 1}

(A—B)={f|f positi\:e in ((4) ® (B)) @ (B)}

— The type n is interpreted as the set of density matrices of dimension 2",
since it is associated with n-qubit systems.

— The type (m,n) is interpreted as the set of coproducts of 2™ density matrices
of dimension 2", with global trace bounded by 1. Intuitively, the type (m,n)
describes all the possible outcomes of measuring the first m qubits of a
state of n qubits, i.e., the combination of 2™ possible states, each of them
in DS. For example, M = (%|0>(0\ &) %\1><1|) € ((1,1)) because %|O><O| €
DT, 1[1)1] € Df and tr (M) = 1.
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— The type A — B is interpreted as the set of positive matrices in ((A) ®
(B)) @ (B)), where the linear part is represented in (A) ® (B) via its action
on the canonical basis of (A]), and the constant part is a matrix in (B).

Definition 3.1 (Domains). The set Dom of interpretation domains is Dom =

UAETypequD‘

Definition 3.2 (Dimension). The dimension of a type is defined as the di-
mension of its representation space, that is dim(A) = dim((A)):

dim(n) = 2"

dim((m,n)) = 2m2" = 2n*t™
dim(A — B) = (dim(A) + 1) dim(B)

3.3 Extended Choi representation for affine functions

Affine functions consist of a linear transformation and a translation; conse-
quently, we interpret a function f : A — B as a matrix y[f] € (A — B)
that combines two matrices, one that represents its linear part and one that
represents its constant part, i.e.,

f(Efll) Odlm(A) ‘ ‘f Eln Odun(A))
Xy = ; ‘ ‘ : ® f(0dim(a))
f(E;qu) Odlm(A ‘ ‘f Odlm(A))

where {E{;‘}U are the elements of the canonical basis of (A]), and Ogim(4) is the
null matrix in (A4). The matrix on the left-hand-side of the coproduct represents
the linear transformation on the canonical basis of (A)), and the matrix on the
right-hand-side represents the translation.

We can also write this representation in terms of the characteristic matrix
defined in [10, Section 6.7] for the linear function f — f(Ogim(a)). Let g be a
linear function, its characteristic matrix is

g(ED)|-. . |g(Ef)
Xig) = ' :

Then Ym can equivalently be defined as Y[f] = X (/- £ Oumea) @ f(Odima))-
Then, the application of an affine map (represented by its characteristic ma-
trix) to an element of its domain requires

1. decomposing the element in the canonical basis,
2. applicating the linear transformation to each individual component, and
3. accumulating all partial results and the translation.
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Definition 3.3 (Projection). Let {E:} be the canonical basis of the space
Cv ™, and X = (32,;(B5 © Myy)) @ My € Chm>mm g C™ ™ an affine mapping.
Then, the projection of X with respect to the indexes 1 < k,1 < n is Py (X) =
M. Moreover, P, (X) = M.

Intuitively, the operator Pj; projects the submatrix of size C™*™ of the
linear component of Y that corresponds to the basis E};, while P projects the
constant component of the mapping.

Definition 3.4 (Application). Let X € C"™*"™gC™*™ be a linear mapping.
Then, the application of X to an element in C™*™ is denoted by the operator
# , which is defined as follows:

X # (meEZ) = (ZmijPij(Y)) +PL(X)

We shall write X #n M for n applications of X to M, e.g., X #3 M =
X # (X # (X # M)).

Remark 3.5. The operator # can be defined in terms of the standard linear
application @ of Choi matrices directly as

Xis1 # M = (Xig— 0, © F(02)) # M = X(;_0,@M + (0,)

The following two results state two useful properties about the application
operator.

Lemma 3.6 (# is right affine). Let XY € C"™*"™ ¢ C™*™ be an affine
mapping and M, N € C™*" two matrices. Then,

X # (M+N)=X#M+X#N—P(X) 0

Lemma 3.7 (# is left linear). Let X, X, € C"™*"™ @ C™*™ be affine
mappings and M € C**™ a matriz. Then,

X1+ X)) #FM=X, #M+ X, #M O

3.4 Interpretation of Terms

Our interpretation of terms depends on a wvaluation function, i.e., a partial func-
tion 6 : Var — Dom that maps each variable to an element of some domain.
Then, the interpretation of a (typed) term ¢ with respect to a valuation 6 is
inductively defined by the equations in Figure [dl For the sake of simplicity, we
left implicit the typing judgement and write (t)g in lieu of (I" - ¢ : A)y. This
is irrelevant for most of the equations but for abstractions and fixpoints. For
abstractions, we rely on the representation of affine mappings introduced in Sec-
tion in this case, we implicitly assume I' - Azt : A — B and a € (A4).
Analogously, in the case of fixpoints we write Ogiy,(a) to refer to the null matrix
of a suitable dimension.
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(Standard lambda terms)

"o =p
U™ tho = T(t)eT'
- om _q ___ +
(m™the = q% <|7'><Z|(]t[)9|7’><7" )
t®@r)o = (the @ (r)o
(Control)
| e
(letcase® x =7 in {to,...,tam_1})o = ,20 tr (p2) (Do o=,
. om 1 —Pi iftr(p;) #£0
_ . - tr(pq)
with (r)e ZG:BO pi and p; {pi iftr(p;) =0
(Distributions)

{(pi,ti)},De = ;pz‘(]til)e

The type A is the type of the interpreted term.

Fig. 4: Denotational semantics for the A calculus.

Ezample 3.8. Let Ax.t where t = letcase® y = w|+X+|" in {,]0)0|'}. Note
that - Az.t : 1 —o 1. Then, (\z.t)y = Y[f] with f = a — (t)z=q for a € (1). We
first note that the measurement in ¢ is independent of a, i.e., (7|+)X+|")oea =
(7! [+)-+]")g. By the interpretation of a measurement, (r*|+)+|")y = 110%0| &
1[1)(1]. By the interpretation of letcase, (t)o=a = 2(2)2=a+3[0X0] = La+3|0X0|.
Hence, f = a — 3a+ 5|0)0|. Consequently, X151 = Xas1a) @ 210X0], i.e.,

(oo o 1
XW:QMM;MO@JWW

Consider now the application (Az.t)p! with p = |0)(1]|+[1)(1]. Then, ((Az.t)p') =
Xy # 0 = H0X0] + [0X1] + [1X1]).

Ezample 3.9. Let Az.t with ¢ = letcase® y = = in {|0)0|",[1)1|'}. Note that
F Azt :(1,1) — 1. As in the previous example, (Az.t)y = Y[g] with g = a —
(t)z=q for a € ((1,1)). The canonical basis of the domain ((1, 1)) has the following
elements:

|0X0[ @ 02 [1)0] @ 02 0, & |0X1] 0y & [1)(1

0X1] © 02 [1){1] @ 02 0, @ |0X0| 02 & [1)0]
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Then, Y[g] is given by

%= ("0 o) @ (or i) 2

Ezample 5.10. Consider the A term in Example @ Its interpretation is:

(paletcase® z = 7|+ )X+|" in {x,]0%0]'})g
= lim (\z.letcase® z = 7|+ )+|" in {z, [0X0|'})g #n O2

n—oo
Note that (Az.letcase® z = mt[+)(+|" in {z,|0X0|'})g is Y[f] defined in Exam-
ple [3.8] Hence,

lim ;) #n 02 = lim 5:05+ > £[0)0]

n—00 ;
i=1

. (1—271}1_1> 10)0] = [0)0|

n—o00 172

Ezxample 3.11. The identity function has infinite fixpoints, all elements in the
domain. Its fixpoint is defined as the least element in the domain, i.e., the null
matrix:

(pz.x)g = lim (Az.z)g #n 02 = 02
n—oo

3.5 Interpretation of )\L“]

In order to show that the interpretation function is well-defined, in particular,
the existence of the limits in interpretation of fixpoints, we provide the following

(K]
P

interpretation for the incremental fixpoint in the \," calculus

(nzt)g = (Az.t)o #n Odim(a)
(L)o = Ogim(a)

4 Soundness of the interpretation

In this section we prove that our definition of interpretation is sound, i.e., the
interpretation function maps a term of type A to an element of the domain of
the type A. We first focus on the intermediate language /\E,” ], which features
incremental fixpoints (Section [4.1). In Section [4.2] we address the full calculus
Al and show that the interpretation function is well-defined, i.e., the limits in
the interpretation of fixpoint terms exist. This is achieved by showing that the
interpretation function maps well-typed terms into matrices the traces of which
are bounded by the types of the terms. Such bounds allow us to show that the
proposed domains equipped with the Léwner order are CPOs.
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4.1 Soundness of the interpretation of incremental fixpoints

We start by introducing some auxiliary notions and results that are instrumental
for establishing the soundness of the interpretation for the calculus with incre-
mental fixpoints. For the reviewer’s convenience, omitted proofs are provided in
Appendix[A] Firstly, we show that the interpretation function behaves well with
respect to substitution, application and reduction. The following is the usual
expected substitution lemma.

Lemma 4.1 (Substitution). (t[z :=r7])g = (t)g,o—(

r)e

For application and reduction, we rely on the following property establishing
that mappings a — (t)g,4= arising from the interpretation of terms Ax.t are
affine or, equivalently, that a — (t)s,z=a — (t)6.2=04,(4, 1S linear. The key point
here is that 6 should map variables to values of the proper type. We say that a
valuation # and a typing context I" are consistent, written 6 F I', if and only if
for every z : A € I' we have 6(z) € (A).

Lemma 4.2 (Linearity). IfINz: AbFt: B and  E I', then for all a € (A)
the function a — (t)gz=a — (t)6,0=04 4, 15 linear.

By relying on linearity, we show that the application operator behaves as
expected with respect to the valuation used for the interpretation of terms.

Lemma 4.3 (Application). If Iz : A+t : B and 0 E I', then for all
a € CImA)Xdm(A) e have (Az.t)g # a = (t)gr=a-

Also, we show that interpretation is stable with respect to the reduction
relation.

Lemma 4.4 (Reduction correctness). IfI'+t: A, 0 I', and t ~ r then

(tho = (r)e-

We now concentrate on the soundness of the interpretation of abstractions.
We need to show that I' - Az.t : A — B implies (Az.t)y € (A — B) for all valu-
ations 6 consistent with I (Lemma. Recall that (Az.t)y = X[QHMQ - We
first show that the linear part of a — (t)9,4=q, i-€., @ — (t)g,5=a — (]tDG’ggzgdilll(A),
is a completely positive map (CPM), i.e., it produces positive matrices when
applied to positive matrices.

Lemma 4.5. Let Iz : AFt: B, and for all 0 E I" and a € (A), let (t)o,z=a €
(B). Then, the map Fgffp =a (t)o,p=a — th97$=0d;m<A) 1s a CPM.

By relying on the previous lemma, we have the following expected result
about the soundness of the interpretation for abstractions.

Lemma 4.6 (Soundness for abstractions). Let Ix: A-t: B and 0 F I,
such that (t)g w=q, (t) € (B)- Then X4 4),.._. € (A — B).

0,2=04im(Aa)

Next Lemma [£.7] extends the previous result for all arrow-typed terms.
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Lemma 4.7 (Soundness for arrow-type terms). Let I'Ft: A — B and
0 F I'. One of the following holds:

— There existty,...,t, and p1,...,pn such that for alli, x: AFt;: B, p; >0,
>imipi <1 and [ty = 320, pi(Az-tip.
— (t)o = Odim(a—B)

The soundness for sums is stated below.

Lemma 4.8. Let (t;)g € (A) fori € {1,...,n}. Then for any pi,...,pn such
that 0 < p; <1 with Y., p; <1, we have >, p;(t:)o € (A).

Finally we state the soundness theorem.

Theorem 4.9 (Soundness). Let I'Ft: A and O E I, then (t)o € (A).

4.2 Existence of fixpoints

We now proceed to show that limy, oo ((Az.£) g #1,0dim(4)) actually exists for well-
typed terms (omitted proofs are in Appendix . Firstly, we show that closed
terms are interpreted as matrices with bounded traces. While the traces of the
elements in the domains associated with the types n and (m,n) are bounded by
1 by definition, the traces of the elements in the domains associated with arrow
types are not. Since arrows A — B are interpreted in ((A4) ® (B)) @ (B), their
traces can be greater than 1. For example, the identity function in 1 — 1 has as
interpretation a matrix of trace 2, as illustrated below

(\r.x)g = Y[aw(}xbzza] = (]00)00] + |01X10] + |10X01| 4 |11)11]) & 02
However, we can associate a bound, which we call size, to each type.

Definition 4.10 (Size of a type). Let A be a type, we write N4 for its size,
which is inductively defined as follows:

- N, =1
- N(m,n) =1
- NAAOB = (dlm(A) + 1>NB

Theorem 4.11. Let - t¢: A, then tr ((t)y) < Na.

Next, we define the Lowner order (Definition [4.12)) and show that abstractions
terms in the calculus with incremental fixpoints that have identity type preserve
this order (Lemma |4.13) and are continuous (Lemma [4.14)).

Definition 4.12 (Léwner order). Let M, N be positive matrices. Then M C
N if and only if N — M is positive.

Lemma 4.13. Let Iz : At t: A and 0 F I'. Then for all a,b € (A), ifa T b
we have (A\x.t)g # a C (Az.t)g # b.
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Lemma 4.14. Let X € C"*"™m@C™*™ and let (P,) be an increasing sequence
of positive matrices in C"*™ such that lim P, = P. Then, X is monotone and

n—oo
lim X # P, =X # P.
n—oo

We recall that the least upper bound of an increasing sequence of square
complex matrices is equal to its limit (see |10, Remark 3.8]).

We have already shown that every term in the calculus with incremental
fixpoint is interpreted as a positive matrix (Theorem the trace of which is
bounded by the size of its type (Theorem [4.11]). Moreover, we have shown that
terms of type A —o A are interpreted as continuous functions. This allows us to
show that the image of the interpretations form CPOs.

For any type A, we let D4 = {M | M € (A) and tr (M) < N4}. By Theo-
rem the image of the interpretation of closed terms ¢ : A lies on ® 4. The
following lemma states that this set, with the Léwner order, forms a CPO.

Lemma 4.15. For any type A, (D4,C) is a complete partial order.

Finally, the following result states that the denotation of the fixpoint in A%
is well defined.

Theorem 4.16. If I'F Azt: A— A and 0 F I', then

lim ((Az.t)o #n Odim(a)) € Da

n—oo

5 Adequacy

We now show that the denotational semantics of terms of the basic types n is
adequate, i.e., that the probability of termination of the evaluation of a term
coincides with the trace of its denotation. We start by establishing some useful
properties about the reduction relations of the M\ calculus (—) and of the )\[p“ )
calculus (~) which features incremental fixpoints (see Section [3.1)). We shall
write ~— to denote either — or ~~. In particular, we show that the probability
of termination does not decrease with reduction. For this reason, we associate
each term (seen as a distribution) with a probability of being a value, as defined
below.

Definition 5.1 (Probability of being a value). Lett = {(pi, p}') },U{(¢;, 7))},
be a distribution such that -t : n, and for all j either rj ~— 1/ orr; = L. The
subdistribution of values of t, written V (t), is {(ps, p}')};. Moreover, the proba-
bility of being a value, written P(t), is Y, p;.

We first note that P(t) = P(V (t)). Then, we show that the function P is not
decreasing with respect to term rewriting.

Lemma 5.2. Lettt:n, ift~—t' then P(t) < P(t').
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Proof. We can write t as {(pi, p}')};er U{(¢;, 7))}, where for all j € J, either
rj ~ 1% or r; = L. Then by definition P(t) = >_, pi. By hypothesis t ~— ',
and so there must be a k € J such that ry ~— {(q],7])},c,- Then we have

" =A{pi, ) bier V@ ) her, U(a5:73)} ey (ry - Since V (£) SV (¢'), we have
that P(t) < P(). 0

We define the probability of termination for the evaluation of a term as
the least upper bound of the set of the probabilities of being a value of all its
reductions (Definition [5.4)).

Definition 5.3. Lett be a term. The set of reductions of t is defined as Red* (t) =
{r|t~*r}.

We remark that Red* (t) with the order given by reduction is a directed set.
With abuse of notation, we use P for its extension on sets, defined as follows,

P({t1,ts,..}) = {P(t1), P(ts), ...}

Definition 5.4 (Probability of termination). The probability of termination
of a term t, written P (t), is the least upper bound of the set of the probabilities
of being a value of its reductions, i.e., Poo(t) = \/ P(Red* (1)).

Notice that P, (t) is well defined because P(Red* (t)) is a directed set with
respect to < in R>g, and it is bounded by 1.

Finally, we prove that the that probability of termination coincides with the
trace of the interpretation of the term (Theorem. To prove it we use Lemmas

BT and 5.8

Definition 5.5. Let ¢ be a term in A} such that =1t :n, and N € No. We write

[t]n for the term obtained by substituting every occurrence of p in t by py. This

s a term in the incremental fixpoint calculus )\L” I,

Proposition 5.6. Lett be a term in A such that =t : n. Then, for all N € Ny,
Poo([t]n) < Poo([t]n+1) and Po([t]n) < Poo(t). [

Lemma 5.7. Let ¢ be a term in A such that &t :n. Then,

lim Py ([t]n) = Pxo(t)
N—o00
Proof. We have to see that for all € > 0 there is an N € N such that for all
N’ >N, ‘ Pm([t]N/) — Poo(t) | <eE.
Because of the correspondence between Red* () and P(Red* (t)), there is an
w-sequence (t;);ey C Red* (t) starting from ¢ such that
Py(t) = \/ P(Red" (t)) = lim P(t;)

71— 00
Then, for all € > 0 there is a j € N such that t; € (¢;);en and

| P(t;) — Poo(t) | <¢ (1)



20 A. Diaz-Caro, M. Ivnisky, H. Melgratti, and B. Valiron

Hence, there is an N € N and a K < N such that
[t]n ~" [t] ~" {(gi: 1) }ieval, U {(1 - > Qi,J—)}
i€Val,,

From this we have

P(t;) < Y 4= Px([tln) < Pxo(t) (2)
i€Val,

From Equations and we have
| Poo([t]n) — Poo(t) [< € (3)

Let N’ € N such that N’ > N. By Proposition [5.6] we have that Pu([t]n) <
P ([t]n') < Pxo(t), and from Equation

|POO(tNI)—POO(t)|<E O
Lemma 5.8. Let t be a term in Ny such that =t : n. Then,
i tr(([Ev)o) = tr((th)
—00
Proof. By Lemmas [3.6] and [3.7, and Theorem [£.16] we have

lim ([t]no = (t)o

N—oc0

By trace linearity we have the result. O

Finally, we can show that the definition of the denotational semantics is
adequate for terms of types n.

Theorem 5.9 (Adequacy). Lett be a term in A such that =t : n. Then,
Poo(t) = tr ((t)o)
Proof. Assume that P, (t) # tr ((t)g). Then, there exists 6 > 0 such that
| Poo(t) = tr ((tho) | >0 (4)

Take ¢ < 14. By Lemma there is N7 € N such that | P ([t]n,) — Poo(t) | <€
By Lemma[5.8] there is Ny € N such that | tr (([t]n,)e) — tr ((t)g) | <e.
Let N = max{Ny, N2}, so, the previous two inequations become

| Poo([tln) = Poo(t) | <€ (5)
[ tr (([ElvDo) —tr (o) [ <e (6)

Since [t]y ~* {(p,p"), (1 — p, L)}, by Lemma [4.4] we have

([tlnbo = (2. ™), (1 = p, L)} = p-p
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and so tr (([t]n)e) = tr(p.p)=p. In addition, by Lemma we have that
Po([tln) = P({(p.p"), (1 — p, L)})= p. Hence, we have

Poo([tln) = tr (([t]n)e) (7)
Then, from Equations (6) and (7)) we have,
| Poo([t]n) —tr ((the) | <€ (8)
Therefore, from Equations and ,
| Poo(t) —tr ((t)g) | <2e <8
which contradicts Equation (). Hence, Ps(t) = tr ((t)g)- O

We remark that the adequacy result concerns only basic types n. It does not
hold in general because, e.g., tr ((Az.x)g) = 2.

6 Conclusion

In this paper, we presented a finite-dimensional semantics for quantum higher-
order computation with recursion. On one hand, to stay finite-dimensional we
only account for non-duplicable elements. On the other hand, to be able to
represent general recursion we allow the discarding of variables: the model is
thus affine. In particular, we show how to extend the Choi-construction to linear,
affine maps. The model is justified by the A-calculus A}, providing a concrete
operational account of what affine, linear higher-order computation represents.
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A Proofs of results in Section [4.1]

This section is devoted to the proofs of results in Section (.1}

A.1 Proof of Lemma [4]1]
Lemma 4.1 (Substitution). (t[z :=r])s = (t)g,2=(r),-

Proof. A routine proof by structural induction on t. O

A.2 Proof of Lemma [4.2]

Lemma 4.2 (Linearity). If Iz : AFt: B and 0 E I, then for all a € (A)
the function a — (t)o,z=q — (]th’x:()dim(A) 1s linear.

Proof. Let n = dim(A). Then, note that the function a — (t)g,c=¢ — (t)o,2=0, is
linear if the equality below holds.

(t)o,0=aa+pB — (t)o,u=0, = a((tho,z=4 — (t)o,2=0,) + B([{t)o,c=5 — (t)o,2=0.,)

which, by rearranging terms, can be rewritten as follows.

(t)o,2=aa+s8 = at)o.c=a + B(t)o,o=5 — (a+ B — 1)(t)o,2=o0, 9)

We show that Equation @ holds by induction on the structure of ¢. Few inter-
esting cases are shown below.

— Let t = rs. Hence, Equation @ boils down to

(rs)o,u=an+sp = ars)o,z=a + B(rs)o.c=p — (a + B —1)(rs)o,o=0, ~ (10)

Since the type system is affine, either = € FV(r) or x € FV(s).

e Case x € FV(r): By applying the definition of (_) and by noting that x ¢
FV(s) implies (s)o,o=aa+88 = (S)o,4=0, = (s)g, we rewrite Equation
as follows:

(Mo,o=aat+sp # (sho = allrdoo=a # (sho) + B((rDe.w=5 # (she)  (11)
= (@48 =1D((r)oz=o, # (sho)

that holds as follows.
(r)o,c=anrsB # (s)o
' (alrhosen + Blr)o.cen — (+ B — 1)(r)o.am0,) # (s)o

D ((r)oumn # (D) + Bl()owes # (s)o)
— (a+ B —=1)((r)o,o=0, # (s)s)
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e Case © € FV(s) follows analogously but relies on Lemma instead of
Lemma 3.7

— Let t = {(ps,t;)};, with Y- p; = 1 and 0 < p; < 1 for all i. Hence, Equation (9)
amounts to: '

{ (it }ido,emanrss = al{®iti)}ioe=a + BU(wi ti)}iDoo=n
- (O‘ +8 - 1)(]{(17,, z)hDO,x:On
Rewriting the left-hand side:

q{(p'w i)}'DG,m:aA+BB
= sz 0,x=aA+BB

IH

= pilaltido,z=a + B(tio.c=5 — (@ + B —1)(ti)s,2=0,)

_azpzqt 0,x= A+szz 0,x= B_(Of‘i‘ﬁ_l Zpl
:a(]{(pi,ti)} Do,2= A+B(]{(pz, ti)}io.e=B — (Oz+5*1)(]{(pi7ti)}»l)e =0,

— Let t = letcase® y = r in {t1,...,tn}. By definition of (_|)_, Equation (9]
boils down to:

6,x=0,

Ztr (Phassp) [t
i=0
= Z tr pA
+ 5 Z tr (ps)
m

—(a+8-1) Ztr h)

9;$:aA+ﬂBxy:pflA+BB

91 Ay= PA

9:0 B,y= pB

9 ,2=0n,y= Po (12)
=0
where
(Do,c=anrss = iy paA+BB (Moo=a = @i 1 P4
(r)o,o=n = @1 rp (r)o.z=0, = D1 Ph

~ 0, iftr(¢)=0
¢= { tr(q;) otherwise (13)

Since our type system is affine, if z € FV(¢) then either x € FV(r) or x € FV(¢;)
for some 1.
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Case z € FV(r):
For the next part we need the following equalities (14417)).
By the induction hypothesis on r we have:

(r)o,2=an+sB = alr)o,oc=a + B(r)o,c=B — (+ B = 1)(r)6,2=0,
Thus, for all i we have:
Pharpp =apy+ Bpp — (a+ B8 —1)ph (14)
By applying the trace to both sides of the equation:

tr (Paarsn) = otr () + Btr (pip) — (a+ B —1)tr (pg)  (15)

In general for all p, by the induction hypothesis on ¢; (with o = tr(lp), A =p,

B =0, and n’ the correct dimension) we have that:

1)wmwpp—c—57+o—1mu%#wﬂ

t; —p = —
Whov=sts = o (o)

Therefore,

1 1
s = mqtibﬂ,y:p (-

(ti)o,y=
Multiplying both sides by tr (p) we have:
tr(p) (Loyere, = oy + (tr(p) = Dltdogoo,  (16)
From Equation we have that:
qtiD@yy:p;AwB = qtiD&y:apiﬁBpiB—(a+ﬁ—1)pé

By the induction hypothesis on the term in the right-hand-side, with o/ = «,
A= ply, B’ =1, B' = Bply — (a + B — 1)p}, we have that:

(]fiDe,y:pgAWB = a(tidg,y—p, + (tido,y=ppi, —(atrs-1)0; — Altido,y=o0,,

By the induction hypothesis on the second summand on the right-hand side
with o/ = 8, A’ = pb, B/ = —(a+ B —1) y B’ = p}) we have:

(t:)

By definition, and since x € FV(r) but = ¢ FV(t;) for all 4, to show that
Equation holds we want to show that:

= aqtiD@,y:pfA =+ /B(ltiDH,y:piB - (Ol + /B - 1)(]tiD9,y:pé (17)

G)y:p;A+ﬁB

n

; :aZtr (pfél) (]til)a,y:;i

Y=Poa+sB =1

> otr(phassn) (i),
=1
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n

+ B8t (o) (tidy

=1

—(a+ 8- I)Ztr (ph) (t:,
i=1

Y=

We are going to show equality of the summation term by term, meaning
that for all ¢ we have:

— =atr (py) ()

tr (p;A'HgB) (]tiD&y:paAwB

0y, (18)

+ Btr (,033) (]tiD07y=;;B:
— (a+B—1)tr (ph) (t:)

We show that Equation holds by case analysis on whether the traces
tr (pgA+BB>, tr (p'4), tr(p%), and tr(p}) are equal to or different from

0. We illustrate the most interesting case since the remaining ones follow
analogously.

1. Case tr (pflAJrﬁB) # 0, tr(py) # 0, tr(p%) # 0, tr(ph) # 0. Then,
Equation boils down to:

0,y=p}

76y
+ ptr (pg) Gtil)g,y: (pi5>
—(a+p—)tr (pé) (t

tr (Phatsn) (]til)e __rhasss =atr (pl) (t:)

6,y=
w(ehatsn)

iDe,y: )

By Equation 7
(t)o.y=pi ,,.n + (tr (Panssn) = Ditidoyo,,
= a((tido.y=p, + (tr (pla) — D(tdo.y—o,,)
+ B(Wti)o,y=pi, + (tr (PB) D (tido,y=o,,,)
—(a+ 8= 1)((tidoy=p; + (tr (p5) — 1)(tido,y—0,,)
By reordering terms,
EDo,y=pt 4 o
= a(tido,y—p, +BWido,y—pi, — (@ + B — 1) (tidg,y—p
+(=tr (Paarpn) +atr (pi) + Btr (o)
— (a+ B =1)tr () (tdo.y—o,,
By Equation , the last term is null. Hence, Equation holds.

qtiDG,y:pgAJrBB = Oé(]t D 0,y=p% + 6(] I) 0,y=pyy — (a +8 - 1)qtiD0,y:pé
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e Case z & FV(r). Assume

n

(o =P’

i=1
From Equation , in this case we want to show that:

Ztr (p’b) (]tiDG,rc:(xA—&-BB,y:;; = Oéztl’ (pl> qtiDe,m:A,y:;i
i=1 =1
n .
83t (0) gy
i=1
@+ A=Yt (0) (1, o
i=1

Let ~ as defined in Equation , we will show that for all ¢ the following
holds:

tr (p') qtiDO,a::aA-‘rBB,y:l; =atr (p") qtiDe,I:A,y:ﬁ + Btr (o) qtiD@,w:Bw:ﬁ
—(a+ 8-t (p") L7 P ——

If tr (pz) = 0, it holds trivially. Otherwise it can be proven that for all i:

i o ymcps =Wl gy gt 4D,

(o) W)
—(a+B=1)(t)

(o)

i
9751?:0my:”(pT~)

Let ¢/ =0 U {y = %}, then the previous equation is the same as:

(ti)or s=ana+pp = a(tior w=a + B(tior =B — (a+ 5 — 1)(ti)e’ z=0,,

This holds by the induction hypothesis on t;. O

A.3 Proof of Lemma [4.3]

Lemma 4.3 (Application). If Iz : At : B and 0 E I, then for all a €
CAim(A)xdim(A) e have (Az.t)g # a = (t)o.r=a-

Proof. By definition we have:

(Az-tDo = X as (1o o]
(tg,2=pa — WDo,c=0umca) -+ oo—pa — ()0,5=04m(s)
= . @ (]t[)9,x=0dim(A)

(]tDG,m:Efl - (]tDGJZOdim(A) s thQ,w:EA - th9y1:0dim(A)

nn
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Let {E{}} be the canonical basis for CHm(4)xdim{4) decomposing a on this
basis and applying (Az.t))s through # :

(Az.t)o # a =(N\x.t)o # Z ZaijEi?

i=1 j=1

n n
= Z Z Qi (thH,x=E;‘3. - th9,$:0dim(A)) + (]tl)av"v:odim(A)
i=1 j=1
By Lemma (g r=pa — (1)0,2=04m (4, 1S linear on Ej, then we have:
e=E{

35

(])‘x't% #a= (]tDQ,a;:Zij ai; B T (]tDH,l’:Udim(A) + thO»I:Odim(A) = (]tl)e’w:a O

A.4 Proof of Lemma [4.4]

We first need an auxiliary lemma. Let 6 be a valuation and I" a typing context.
0 Eqim I if and only if for every pair (z, A) € I', we have dim(f(z)) = dim(A).
Lemma A.1l. Let 't t: A and 0 Egim I, then dim((#)) = dim(A).

Proof. By induction on the structure of ¢t. We illustrate a few interesting cases

— Let t = x. Hence, z : A € I'. Since 0 Fgim I', we have that dim((z)y) =
dim(é(z)) = dim(A).

— Let t = Az.u. In this case A = B — (. By definition of (_) , we have
(Az.u)g = Y[awdubevz:a]' Let {Eg} be the canonical basis of C4im(B)xdim(B)
By inversion, we have I';x : B F u : C. Moreover, 0 Eqi, I, dim(Ef;) =
dim(B) and dim(Ogim(p)) = dim(5). Hence,

0U{x=E]} Fam I,a: B
O U{z = OgimB)} Faim I,z : B
Then by the induction hypothesis on Iz : BFu: C:
dim((u)g ) = dim(C)
dim (s 00,1, y) = im(C)
By the definition of y[a%(}ube,zza]’ we have that
dim((Az.u)g) = dim(B) dim(C) 4+ dim(C) = dim(B — C).

— Let t = letcase® x = r in {to,...,tam_1}. Let Io,...,Iom_1,1" = I such
that Ij,z :ntt;: Aforall i and I'" + r : (m,n). Therefore 6 Eqi, . By
applying the induction hypothesis, dim((r)g) = dim((m,n)) = 2", For
0 <i<2™—1, let p; be the i-th 2" x 2" sub-matrix of (r)e’s non-superposing
block diagonal. Define p} as p; if tr(p;) = 0, and trf’—;i) otherwise. Clearly,
dim(p;) = 2™ for all i. Hence, 0U{x = p}} Faim I3,z : n for all 4. By applying
the induction hypothesis, dim(¢;) = dim(A). Therefore, dim((letcase® z =

rin {to, ... tam_1})e) = dim(X7 5 " tr (p;) (tio,ep;) = dim(A). O
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Lemma 4.4 (Reduction correctness). If I't-t: A, 6 EI', and t ~ r then

(the = (ro-

Proof. By induction on the derivation of ~~ . Most of the cases follows by routine
induction. We report some representative cases below.

— (Azt)r ~ tlx:=7]
In this case we want to show that ((Az.t)r)s = (t[z := r])e. By definition
we have that ((Az.t)r)g = (Az.t)o # (r)s. By Lemma this is equal to
(t)o,5=(r)o- By Lemmait holds that (t)g,—(r), = (t[x := 7])s.

— pox.t ~ L
In this case we want to show that (uox.t)s = (L)g. By definition, we have
(ox-the = (Ax.t)o #o Odim(A)- This is equal to Odim(A) = (L)s.

— Upp1xt ~ tx = ]
In this case we want to show that (u,+12.t)g = (t[z := pnx.t])e. By definition
we have (uny12.t)g = (A2.t)o #nt1 Odim(a). This is the same as:

(Az.tho # ((Az.t)o #n Odim(a))

By the induction hypothesis, this is equal to (Az.t)s # (pnz.t)e. Since I' F
tns1x.t o A, by inversion I,z : A F t : A, and using rule y we have I' -
pnz.t : A Since § F I' we also have 6 Fqi, I' and using Lemma [A7T]
dim((pnx.t)g) = dim(A). Using Lemma we have (Az.t)g # (pnz.t)o =
(Do, 0=Quna.t),- Using Lemma this is equal to (t[z := ppz.t])e.

— letcase® x = " p" in {to, ..., tam—1} ~ {(pi,tilz == p}])}; ), o Where:

Imvasknvail
p; = 1tr (WpWT) pi = W

In this case we want to show that:

(letcase® z = 7" p™ in {to, ..., tam—1})o = ({(pi. ti[x == p{'D)}; /p, z0Do

Since (7™ ") = B ilpliil . we have
2m 1

(letcase® z = 7™ p™ in {to,...,tam_1})s = Z piltido,z=p:-
i=0

Moreover, ({(pi,t:[z = pP])};/p.20d0 = 22 pilti[z := p}l)e by the defini-

tion of (_) . By Lemma {1} > pi(ti[z := p}l)e = Zipiqtil)e,x:(]pme~
Since (pl)g = p; for every valuation 6, we have to Zipz‘(]til)e,m:(]pﬁ)e =

> i Pitio.c=p;-
O
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A.5 Proof of Lemma [4.5]

Lemma 4.5. Let Iz : AFt: B, and for all 0 E I" and a € (A), let (t)o,z=a €
(B). Then, the map Fg,’fp =a (t)o,p=a — th97ac=0dm.<A) 1s a CPM.

Proof. We proceed by induction on the structure of ¢.

— Let t =y # x, then 0 = ¢'U{y = c} and F\'}. .o = a > (c—c) = 0, which
is completely positive.

— Let ¢t =z, then Fyy7. = a — (a — 0,) = I,,, which is completely positive.

— Let t = Ay.r. Then, B=C — D, and, by inversion , Iz : A,y : CFr:D.
Hence, by the induction hypothesis, we have that F}* ., and Fg“ J:C are
CPMs.

We need to prove that Fg‘,ﬁ’lf’m is a CPM. This map is defined by

Foi (a)
= (])‘y'rl)e,x:a - (])\y-rl)e@:on

= Y[C'—>GT‘D(9,aL~=a,y=a] - Y[C*>(]7‘De,au=()rb,/y=c]
| @ (r)o.e=a,y=0,, (With m = dim(C))

= Xle— ()0, 0ma,yme— Do, e—a,y=0m
= Xies(roa—on.yee—(rDo.o—oy peop,] © (MN0.2=0,.9=0,,

= Xlems (0,0 yme— (0,2 y=0m )~ ()0 5=0n ,y—e— (o, 50 ,y=0pm )]

D ((]TDG,r:ayyZOm - (]7"[)9,x:0n,y:0m)

T,T
= -, -, OF).— cla
X[FHUy{m:a}hF,:c:A7F9Uy{ac:0n}tF‘m:A] Gu{y*07n}':ny'c( )

Let

G(b) = ngy{x:b}pr,x;,q =c— qu@,m:b,y:c - qu@,w:b,y:On
H(a) = G(a) — G(0,)

Since G is a CPM, H(a) is also a CPM. Then,

X[F;Ly{z:a}biF,I:A7F§.=y{z:0n}biF,:c:A] o

XH(a)]

is a CPM. Finally, the sum of CPMs is a CPM.
— Let t = rs. Then, by inversion, there are two cases:
e x:AFr:C —o Dand AF s: C. Hence, by the induction hypothesis,
we have that F, . is a CPM.
We need to prove that Fj'y ,, where 6 = v, with v = I" and 0 F A, is
a CPM.

FgéﬁA(a) = (rso,u=a — (rs)e,a=o0,
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= (r)o,c=a # (s)o,2=a — ()0,2=0, # (5)o,2=0,
= (r)y,o=a # (s)s — (r)y=0, # (s)s
((r)y,2=a = (r)~y,2=0,) # (sDs

=F 7 (a) # (s)s

(Lemma |3.

Notice that since F;"(a) is a Choi matrix, then the application
is just the standard application, and since (s)s € (B), it is positive, so
F5(a) # (s)s is a CPM.

e 'Fr:C —oDand A,x: AF s: C Hence, by the induction hypothesis,
we have that F;,", is a CPM.
We need to prove that Fj° o, where 6 =, with v F I" and 0 F A, is

a CPM.
Ferlj}fA( ) = (rsho,a=a — (rsho,z=o0,
= (r)o,c=a # (8)o,2=a — ()0,2=0, # ()o,2=0,
= (r)y # (sDs,2=a — () # (s)5,2=0
(Lemma B.6) = (r)y # ((s)s,5=a — ()s,0=0,.) — P ((r)~)
=M # F;’Z(a) — M,

As M € ((A) ® (B)) @ (B) is a positive matrix by the induction hypoth-
esis, we have that:
1. M; € (A) ® (B) is a positive matrix <= it is the characteristic
matrix for some CPM g : (4) — (B).
2. M € (B) is a positive matrix.
Then M # Fy\(a) — My = g(Fis(a)) + Mz — My = g(F§s(a)) is a
CPM by composition.
— Let t = pny.r. Then, by inversion, Iy : B,z : A F r : B. Hence, by the
induction hypothesis, we have that F"Y_ ., and Fg'v_,, - are CPMs.
We need to prove that Fj)"%"" is a CPM.

Feu':n;ﬂ/ﬁl( ) = (]/’Lny-rl)e,a::a - (]/JnymDé),w:Om
= (qumDG,x:a #n Om) - ((])‘y~r[)9,z:0m #n Om)
(Lemma = ((M\y-1)o,2=a — (A\Yy.T)o.2=0,,) #n Om
Fo)‘,flfw(a) #n Om

With the same reasoning as in case ¢ = Ay.r, we have that F,%""(a) is a

CPM. Therefore, Fj/"" is a CPM.
— Let ¢ = L. Hence, we have to prove that Fetlgf is a CPM.

Fellszﬁ( ) = (]J—DQ,xza - (]J—De,x=0n =0, -0, =0,

Therefore, FGL,:’I{ is a CPM.
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— Let ¢t = p™. Hence, we have to prove that F}."- is a CPM.

Eg(a) = (p")o.2=a = (p")0.2=0, = p — p = O2n

Therefore, Fj%. is a CPM.
— Let t = U™r. Then, by inversion, B =n and I,z : A+ r : n. Hence, by the
induction hypothesis Fj "} is a CPM.

We need to prove that Felﬁpw is a CPM.

FGU;;:T?:E(U’) = (]UmTDGJ,':a - (]Um’r’[)‘g,mzom

= T(oweal — Tlr)o.omo, U

=T (()o.0=0 — (rDo,em0,,) T'
TT T,X 71‘

= UFGI:F(a)U

which is a CPM since Fj.(a) is a CPM.
— Let t = «#™r. Then, by inversion, B=n and I,z : A+ r : n. Hence, by the
induction hypothesis Fj "} is a CPM.
For (@) = (7" r)o.0=a — (7" D000,
om_1 T om _1 _1_
B (b ezl ) = B (IKillrdo oo, []')
1=0 =0
2m—1
= @B (Iillrdo.o=alil — TiXillr)o.a=o,JiXil' )
1=0
2Mm—1 L —
= @B (Il ((rDo.v=a — (rDoomo,) TN )
1=0
2mM—1

= @ (ms-@i)

=0

which is a CPM since F,.(a) is a CPM.
— Let £t = r ® s. Then, by inversion B = n + m and there are two cases:
e,z : At r:nand Iy - s : m, with I' = Iy, 5. Hence, by the
induction hypothesis, Fy’f . is a CPM.
We need to prove that Fjo2®, with § = 6,6, is a CPM.

Fgglf’x(a) = (]T ® SD@,z:a - (]7“ & SD97E:0k
= (]Tl)@,;p:a & (]SI)Q’Q;:@ — (]7”D9,a::0,C X (]SDQ,ZIOJC

= ((]Tl)el,r:a - (]TD91-,56:01€) ® QSDGQ
= Fy'tr (a) ® (s)o,

A CPM tensor a positive maps is a CPM.
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e INFr:nand Iy, x: AF s:m. This case is analogous to the previous
case.
— Let ¢t = letcase® y = r in {tg,...tam_1}. By inversion, for all i, A;,y : n
t;:Band EFr:(m,n), with o : A= Aq, ..., Agm_1, 5.
Cases:
e = = EZ',x = a. Hence, by the induction hypothesis, F/'z = (r)¢,z=a —
(r)e,x=0, is a CPM.
We need to prove that if @ = y,...,59m_1,&, Fée;};fseo y=rin {to,..tam 1},
is a CPM. .
Let (r)g,o=c = @?:0_1 Pi(c)- Then,

Fletcase° y=rin {tg,...,tam _1 },x (CL)

oI
= (letcase® y = rin {to,...,tom_1})o.5=a
— (letcase® y = rin {tg, ..., tam_1})o.a=0,
2m 1
= ( Z tr (pi(a)) (]tiDG,m_a,y—pi(a)>
i=0
2m_1
- ( Z tr (pi(On)) (]tiDa7$=0nay:pi(0n)>
i=0
2m_1
= Z (tr (Pi(a)) (]tiD(Si7y:pi<a) —tr (Pi(on)) (]ti[)&ny:/?i(on))
i=0
2m 1
| Z (tr (pi(a)) ((]tibéi,y:pua,) - qtinsivy:Pi(On)))
i=0
2m 1
3 ) (tr (pic)) (Do, y=psa) — (tids,y=o0,))
i=0
2m_1

= > tr(pi) F5i(a)
i=0
Positive linear combination of CPMs is a CPM.
e For some k, Ay = Aj,,z = a Hence, by the induction hypothesis, Fg}’:,’fAk

is a CPM. 3 )
We need to prove that if § = 61,...,09m_1, &, F;)egjfse y=rin {to,....tzm 1},
is a CPM. o
Let (r)e = @7, " pi- Then,

Fée':tcl:fse y=rin {to,...,tgm,l},z(a)

= (letcase® y = rin {to,...,tom_1})o.5=a

— (letcase® y = 7 in {to,...,tam_1})g.2=0,

( i tr (pi) qtiDG,m_a,y_pi>

=0
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_ <z_: tr (p;) (]tiDG,w—Omy_l’i>

=0
= (]tkD5k7y:Pk - (]tlesk,y:Pk

— itk
- FékliAk

— Let t = {(pi, i)}, Then, by inversion, for all ¢, I',xz : A+ t; : B. Hence, by
the induction hypothesis, Fg,:ﬁ are CPMs.
We need to prove that F;éll)f’ti)}i’w is a CPM.

FRB Y () = ({(piy 1) Y ooma — ({(pis 1)} 6,00,

= Zpi(]til)e,w:a - Zpi(]ti[)a,zzon
= Zpi ((tido,o=a — (tido,2=0,)
= szFéh?(a)
which is a CPM since each F;Hﬂf (a) are CPMs. 0

A.6 Proof of Lemma [4.6]
We first restate the following theorem from [10, Theorem 6.5].

Theorem A.2. Let F' : C"*" — C™*™ be a linear operator, and let X €
Crm>nm pe jts characteristic matric.

(a) F if of the form F(A) = UAUY, for some U € C™*", if and only if X - is
pure.
(b) The following are equivalent:
(i) F is completely positive.
(ii) Xy is positive.
(tii) F if of the form F(A) =", UiAUiT, for some finite sequence of matrices
Uy,..., Uy € Cmxm, O

Lemma 4.6 (Soundness for abstractions). Let [z : AFt: B and 0 F I,
such that [t)g,z=a; (t)6,0=04m4) € (B). Then Xlars (t)o aca] € (A — B).

Proof. Using Lemmawe have that a — (t)g,5=a — (t)g,s=. is a linear function.
It also is completely positive by Lemma [£.5] therefore its characteristic matrix
is positive by Theorem [A-2]

Its characteristic matrix is the following;:

t)o,o=E1 — Woo=1 .- )o,o=E1, — {t)o,o=1
M, = ) . .

(t)o.2=£,, — (thoz=1 - (tho2=E,, — (tDo,z=1
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By Definition (see Section [3.3)), we have that
Xiasttho o) = M © (o.0=1

Since M; € (A) ® (B), we have Y[qutDMm] € ((A)x(B))@(B). As (the,z=1

is in (B), it is a positive matrix. Then Y[a ) is a positive matrix because

6,0=a

it is a coproduct between positive matrices, and since it is in ((4) ® (B)) @ (B),
it belongs to (A — B). O

A.7 Proof of Lemma [4.7]

We first define closure functions, substitutions that close the open terms allow-
ing to rewrite them according to the valuation in respect to which we want to
interpret it. By closing the arrow-type terms in a manner consistent with the
typing context, we can rewrite them and using progress arrive to a value.

Definition A.3 (Closure function). Let f : Var — Val U { L}, we note f(t)
as the substitution that replaces free variables in t by values according to the
mapping given by f. We call f a closure function.

Closure functions are used on typed terms, therefore they need to be coherent
with the typing contexts, assigning values with the same type as the variable
they are substituting.

Definition A.4. Let f be a closure function, let I' be a typing context. f satis-
fies I' (noted fE I') if and only if for all x : A in I' we have - f(x) : A.

The following is a coherence definition between a valuation and a closure
function.

Definition A.5. Let f be a closure function and let 6 be a valuation, f and 0
are coherent (noted f <> 0) if and only if

f(@) =v < 0(z) = (v)o

Lemma 4.7 (Soundness for arrow-type terms). Let ' H¢: A — B and
0 I'. One of the following holds:

— There exist ty,...,t, and p1,...,p, such that for alli, x : AFt;: B, p; >0,
Yz pi < 1and (the = 32,2, pi(Az.ti-
= (tho = Oqim(a—n)

Proof. Let f be a closure function such that f E I" and f <> 0. By substitution
we have that F f(¢) : A — B. Using Progress (trivial extension of Theorem [2.5
to )\L“]) we have that either f(¢) is in ValU{_L} or it rewrites, and by Lemma
we have that (t)g = (f(¢))e-
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— If f(¢) is in Val U {L}, by its type we have that either f(¢) = L or f(t) =

{(pi, Axti)};_cqa,. ny for a variable z and terms ¢; such that z : AF¢; : B,
0<pi<land> ! p; <1
In the first case we have:

(tho = (f(H)o = (L)p = Odim(a—-n)

In the second case we have:

(the = (/0o = (i Mot Yic s, aydo = D pilAa-tidg

If f(t) ~ r,since b f(t) : A — B, by Subject reduction we have that
Fr: A — B.As f(r) = r because r is a closed term, using Progress
successively we have that there exist ry,...,7,_1 closed terms and r, in

ValU {Ll}, with - r; : A — B, such that
f@) ~ 1 ~ 1 o~y

This holds because there are no infinite rewritings, by the strong normalisa-
tion property of the calculus. By Lemma [£.4] we have that:

(the = (f(B))o = (Do = (ri)o = -~ = (rudo

Astr, : A — Band r, € ValU {L}, we have the same results as in the
previous item. O

A.8 Proof of Lemma [4.§

Lemma 4.8. Let (t;)g € (A) fori € {1,...,n}. Then for any p1,...,pn such

that 0 < p; <1 with >, pi <1, we have Y, pi(ti)o € (A).

Proof. We prove more generally the following result: Let A be a type. For ¢ in

{1,

...,n}, leta; € (A) and 0 < p; < 1with Y1 p; <1.Then Y .- pia; € (A).
We proceed by induction on types.

— If A =n, we have (A) = Ds.

Since p; > 0 for all ¢ and positive matrices form a vector space over Rxg, we
have that > | p;a; is a positive matrix in C"*".

By trace linearity, we have that tr (Y., pia;) = > ., pitr(a;). This is
bounded by Y"1, p; <1 because by hypothesis a; € (n)) = Dx=.

— If A= (m,n), we have (A) = {p|p€ @?:fl Ds y tr(p) < 1}.

By hypothesis a; € ((m,n)), so we can rewrite the a; as a; = @i, aij,
where a;; € Ds. Then,

n n 2™ _1 2m_1 n
Sha=3n (@) - B (z)
i=1 i=1 =0

j=0 \i=1
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By case A = n we have that Y /", p;a;; € D5 for all j € {0,...,2™ — 1},
therefore X7 pia; € @7, ' Dx.
By trace linearity, we have that tr (30 1pm,) =", pitr (a;). By hypoth-
esis a; € ((m,n)), then this is bounded by Y7, p; < 1.

- IfA=B — C’ we have (A) = {f | f positive in ((B) ® (C)) @ (C)}.
Since Y i | p;a; is a positive real combination of elements from (B — C), it
is in (B — C). O

A.9 Proof of Theorem [4.9]

We first give a lemma stating that function application preserves positivity. This
implies that function application interpretation stays inside the domain.

Lemma A.6 (# preserves positivity). Let ¢ be a term and 0 be a valuation
such that (A\x.t)g € (A —o B)), then for all a in (A) we have that (t)g.=q € (B).

Proof. By Lemma [4.3| we have (t)p..=¢ = (A\x.t)g # a. By hypothesis (Az.t)g €
(A — B)), so we can write (Az.t)p = M1® M, with M; € (A)®(B) and M, € (B),
both positive matrices. By definition of the # operator, (M; & Ms) # a =
M,@qa + M. Since @ preserves positivity, therefore M;@Qq is in (B]) and so is
the sum. O

We also give two auxiliary lemmas and a corollary, concerning trace bounds
after projection of states. There are used in the measurement case of the proof
of soundness.

Lemma A.7. Let p be a positive matriz in C2"*2". Then for allm <n
2m 1
tr ( D (iXilpIiXiT)> =tr(p)
i=0
Proof. By trace linearity:
2m—1 2m 1
(@ () ) = X v (T
i=0 ;

By the trace cyclic property, this is equal to szofl tr <p|z)<z\ i3 |> Since |i)i]
|i)i|, and the

is Hermitian and is also a projector, we have that |¢)(i| |i)(4
term is equal to Z?mo (p| )i |) Since Z?:(;l [i)(i| = Lan:

Ziltr(p|i><i)t<2m21p| >t< z| >tr ) O

=0

Corollary A.8. Let p be a positive matriz in C*"*2". For allm < n and 0 <
i < 2™ — 1 we have that tr (|¢><i|p|¢><i|*) <tr(p).
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Proof. By bounding every sum term separately. O

Lemma A.9. Let p be a positive matriz in C>"*2" such that tr (p) < 1. Then

for allm <mn, for all 0 <i < 2™ —1 we have that |z><z\,0\z>(z|Jr is positive and its
trace is bounded by 1.

Proof. — [i)lpliYi|| is Hermitian: we have ([i¥ilp[iXa] )t = [iXa|ot]i)] . This
is equal to |2><z|p|z>(z|T because p es is Hermitian by hypothesis.

— |i)i|p|é)i| is semidefinite positive: multiplying to both sides by a vector u

in C2" we have that w{Ta)a|pliYi] v = (u!Ta)a])p([a)a] w). Let v = [iYi] u €
C2", we have that v = (Ji¥i] )T = u{[i)a]. Therefore (u![a}a])p([i7] ) =
vfpv > 0 because p is semidefinite positive.

— The trace of |z><z|p|z><z|Jr is bounded by 1: by Corollary we have that

tr ([Nl ) < tr(p) < 1. O

Theorem 4.9 (Soundness). Let I'+t: A and 0 F I, then (t)o € (A).

Proof. By induction on the typing rules.

—INzr:Atzxz: A ax
In this case we have (z))p = 6(x) by definition. By hypothesis we have that
Ok I'x: A, therefore 6(z) = (x)o € (A).

Ix:A+t:B

~TFxt:A—B
By the induction hypothesis we have that for all ' such that ¢’ E I',z : A,
(the: € (B). Let a € (A), then ¢ = 0 U {x = a} E Iz : A, therefore
(t)o,o=a € (B). Also, Ogim(a) € (A), and then (t)g..—1 € (B). By definition
we have that (Az.t)y = Xars (t)o..._) 20d by Lemmathls is in (A — B).
I'tt:A—oB AbFr:A |

— I''Av+tr: B N
Since 0 E I'; A, we have that 6 E I" and 0 F A. By the induction hypothesis,
(t)o € (A — B) and (r)s € (A). By Lemma[£.7] we have that either that for
some n € N there exist n terms ¢1,...,t, and n real numbers p1, ..., p, such
that (t)g = > pi(Az.ts)p (Withz: At :B,0<p; <1y > p <1),
or else (t)g = Ogim(a—oB)-
By definition, (tr))s = (t)o # (r)e-

e In the first case we have:

i=1

(tr)e = (Zpiq)\x~til)0> # (r)o =D _pi((Aa-ti)o # (o)

By Lemma this is equal to .7 | p;(ti)s=¢r),- By Lemma we
have (ti)y—(r), € (B) for all i. By Lemma [4.8) this linear combination is
in (B).
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e In the second case we have:
(tr)o = Ogim(a—B) # (7)o = Odim(n) € (B)

This holds because according to the definition for the # operator,
Ogdim(A—p) is the constant function a Odim(B)-
I'f:AFt: A
I'Fpupft: A
Let I" be a typing context and let 6 be a valuation such that I' - p, f.t : A
and 6 F I'. Then by inversion we have that I', f : AF ¢ : A. Using rule —o;
we have I' = Af.t : A — A. By the soundness case for rule —o;, we have that
(M-t € (A — A).
We want to show that (u,f.t)o = (Af-t)e #n Odim(a) is in (A). By induction
on n:
e Base case: (Af.t)o #0 Odim(a) = Odim(a) € (A) by definition.
o (M-tho #nt+1 Odim(ay = (Mf-t)o # ((Af-to #n Odim(a))- By the induc-
tion hypothesis we have that (Af.t)s #n Odim(a) € (A). Since (Af.t)q is
in (A — A) we have that (Af.t)o #n+1 Odim(a) is in (A) by Lemma

I'kF1:A L
By definition we have that (L) = Ogim(a). The null matrix is Hermitian,
positive semidefinite and its trace is bounded by 1, s0 Ogim(a) € (A) for all
type A.
I'pth:n
For all §, in particular such that § F I", we have (p")s = p € D = (n).
I'Hit:n
I'-U"t:n
By the induction hypothesis we have that for all 6 such that 6’ F I, (t)e €
(n) = D5.
Since 6 k I', then (t)g € D5 . By definition we have that (U™t)y = U(]thUT.
U is a unitary matrix, and so this product is in D
I'Ht:n
't xa™t: (m,n)
By the induction hypothesis we have that for all 8’ such that 6’ E I, (t)e €
(n) = Ds.
Since 6 F I', we have (t)g € Ds. By definition we have that (7™t)y =
m_q vl
o (aalHolaxil)-
As (t)g is in DS, by Lemma |z)<z\(]tD‘g|z><z|Jr it is in DS. By Lemma
we have that tr ((7™t)g) = tr (eaf;"(;l |i>(i|(]t[)g|i><i|T) — tr ((t]s), and this is
bounded by 1 by definition of D .
Therefore (™) € @?:O_l Ds = ((m,n)).
I'Ft:n AkFr:m
NAFt®r:n+m
By the induction hypothesis we have that for all 8’ such that 6" E I, (t)e €
(n) = D=; and for all §” such that 0" F A, (t)er € (m) = Dx,.

ax,

K2
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By hypothesis we have that 6 = I', A, then @ F I" and § F A. Thus, (t)g € D=

and (r) € D5,.

Then we have that (r ® s)g = (r)s @ (s)o € Dptm = (n+m|) because tensor

product arity is given by ®: Dy, X Dy, — Dy

(i=1,..2m-1) Aj,xz:nkFt;:A I'kr:(mmn) L(A)#m, n)
Ag, ..., Agm_1, " Fletcase® x =rin {tg,...,tam_1}: A

By the induction hypothesis we have that for all ' such that 8’ E I'" we

have that (r)e: € ((m,n)). 0 E A, ..., Agm_1,I", then 0 F I" and so (r)y €

1(m, m))-

Also by the induction hypothesis, for all ¢ in {0,...,2™ — 1}, for all §’ such

that 8" E A;,z : n we have that (t;)or € (A). Since 0 F Aq, ..., Agm_1, T,

in particular @ F A; for all i and 0 U {z = p} F A;,z : n for all p € D5.

Therefore (ti)g..—, € (A) for all p € DS and all i € {0,...,2™ —1}.

By definition we have:

(&

2m—1

(letcase® z = rin {tg,...,tam_1})o = Z tr (pi) (ti)o,z=p;
i=0

where (r)y = @?:0_1 pi € ((m,n)) and

, Pt tr (pi) # 0
Pi =

tr (p;)
Pi iftr(p;) =0

o € D5 because p; € Dy, therefore by the induction hypothesis (tido.o=p; €
(A) for all ¢ in {0,...,2™ —1}.

Since p; € D5 for all i, we have 0 < tr(p;) < 1. Also, as (r)s € ((m,n)), we
have tr ((r)g) < 1. Therefore,

tr (o) tr(éé ,,) =Y () <1
1=0

i=0

By Lemma [18] 2" tr (0;) (t:)o.0—pt € (A).
i=l,m 't A S0 pi=1 L(A)# (m,n')

FEA{pot)ieqr,my - A
By using the induction hypothesis on 4 in {1,...,n}, we have that for all ¢’
such that 8/ F I, (t;)¢- € (A) holds. By hypothesis, 8 - I'. Hence, (t;)o € (A)
for all ¢ in {1,...,n}. By definition of (_)_, we have that (D>_0_; piti)s =
S pillti)e, which belongs to (A4) by Lemma [4.8]

+

O

Proofs of Section [4.2]

B.1 Proof of Theorem [4.11]
Theorem 4.11. Let - t: A, then tr ((t)p) < Na.
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Proof. By induction on types.
By Theorem [4.9| we have that (t)g € (A) for every type A.

— If A=nor A= (m,n), we have that tr ((t)g) < 1 by definition of (n) and
((m,n)).

— If A= B — C, by Lemma [£.7] there are two possibilities:
e Forn € N, there are n terms ¢4, . .., ¢, and n real numbers py, . .., p, such
that z: B t;: C,0<p; <1, >0 pi < 1and (thy = D7 pilAz.ti)y.
By trace linearity:

tr ((t)o)
<Zp1 (Az.t;) )

((Mx.t;)

dlm(B)
x EE — qti%i%m(a)) +tr ((]ti[)x:()dim(B))

HM: HM: HM:
HM

Z x:Eﬁ)
dim(B)

- Z tr L T—Odun(B)) +tr (qtiDrZOdam<B))

By Lemma both (t:),—ps and (ti)z=04,,s, are in (C), for all i.
Therefore, and by the induction hypothesis, all those terms are positive
and bounded by N¢. Then,

n dim(B) n
< 2101' 2:1 Ne+ N¢ | = lei(NBﬂ:C) < Np_c
= j= =

The last inequality holds because of the bound on the probability sum.
e (t)o = Ogim(B—oc)
This case is trivial: tr (()g) = tr (Ogim(—c)) =0 < Np—oc O
B.2 Proof of Lemma [4.13]

Lemma 4.13. Let Iz : At t: A and 0 F I'. Then for all a,b € (A), ifa Z b
we have (Ax.t)g # a C (Azx.t)o # b.

Proof. By Lemma and Lemma we have that the following function is
linear and completely positive, where n = dim(A).

f(C) = thG,w:c - (]tDQ,w:On
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Since a C b by hypothesis, b—a is a positive matrix and since f is completely
positive, f(b—a) is also a positive matrix. In addition f is linear, then f(b—a) =
f(b) — f(a) is a positive matrix.

f(b — (l) :qtbe,z:b — (]tDa,a::0n _ ((]tDQ,z:a o (]tDG,z:()n)
:qt[)'9=f”:b - (]tDG,x:a

By Lemma we have (t)g r=a = (Az.t)o # o and (t)g.o=p = (Az.t)o # b.
Rewriting we have:

fb—a) = (Az.t)g #b— (\e.t)g # a
Therefore (Az.t)g # b — (Az.t))p # a is a positive matrix, and this implies

(Az.t)g # a C (Nt # b O

B.3 Proof of Lemma [4.14]

Lemma 4.14. LetX € C"*"m@gC™*™ and let (P,) be an increasing sequence
of positive matrices in C"*™ such that lim P, = P. Then, X is monotone and

n—oo
lim X # P, =X # P.
n—oo

Proof. By Lemma[4.13] we have that interpretations of abstraction terms in this
calculus are monotone with respect to the Lowner order.

Remark that for all 1 < 4,5 < n,lim,«(P,)i; = Pij, where (P,);; is a
sequence in C. Let L;;, K in C™*™ and {£};} the canonical basis for C"*" such
that:

n n

X={D D EioL;|eK

i=1 j=1

By Lemma [3.6] since the first term of this matrix acts linearly on the argu-
ment, it is linear in every matrix element. Therefore application is continuous
on every matrix element:

n n n n

HILIEOY#P":JLH;OZ 1(Pn)ijLij+K:ZZPijLij+K:X#P [

i=1 j= i=1j=1

B.4 Proof of Lemma [4.15]

We need first the following technical lemma.

Lemma B.1. For all positive M in C" " and u in C" we have that ut Mu <
2
tr (M) [Jul]”.
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Proof. Since M is positive, it is diagonalisable and can be written as P~!DP
where D € C™"*" is diagonal and P € C™*™ is unitary.
Therefore we have that

utMu = (P7*DP)u = (u' P~Y)D(Pu) = v'Dv

Defining v = Pu € C™. Let v; € C be v’s elements:

ut Mu = vadii < <Zv2> (Z dii> = tr (D) |Jv]|* = tr (M) |Ju|?

This inequality holds because d;; > 0 for all i since these are M’s eigenvalues,
that is a positive matrix. O

Lemma 4.15. For any type A, (D4, ) is a complete partial order.

Proof. We follow the structure of the proof at |10, Proposition 3.6].

We want to prove that in this set, the increasing sequences with respect to
the Lowner order have a least upper bound.

D 4 is a subset of positive matrices in C2"*2". Let M; and M, be matrices
in @A.

By definition M7, C M if and only if My — M, is a positive matrix, and this
happens if and only if uf(My — M;)u > 0 for all u in C2". Therefore M; C M,
if and only if ufMu < uf Myu for all u in c2".

Thus, for all increasing sequences in ® 4:

MyCMyC...CM,LC...
there is a corresponding increasing sequence in R for all u in c?":
quMlu < uTMzu << uTMnu <...

By Lemma and Theorem we have that every element of the increas-
ing sequence {ufM,u} are bounded by N4 |u||*, since M, matrices are in D 4.
Any bounded increasing sequence in R has a least upper bound. Therefore the
corresponding sequence { M, } in © 4 also has a least upper bound, and, by trace
continuity, it is bounded by N 4. Hence, it is in © 4. O
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